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This paper presents a method of superposition for the half-space Green’s functions of a generally aniso-
tropic material subjected to an interior point loading. The mathematical concept is based on the addition
of a complementary term to the Green’s function in an anisotropic inﬁnite domain. With the two-dimen-
sional Fourier transformation, the complementary term is derived by solving the generalized Stroh eigen-
relation and satisfying the boundary conditions on the free surface with the use of Green’s functions in
the full-space case. The inverse Fourier transform leads to the contour integrals, which can be evaluated
with the application of Cauchy residue theorem. Application of the present results is made to obtain ana-
lytical expression for the orthotropic materials which were not reported previously. The closed-form
solutions for the transversely isotropic and isotropic materials derived directly from the solutions as
being a special case are also given in this paper.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The elastic Green’s function for an anisotropic material provides
the fundamental solution for the anisotropic elastic theory. Green’s
functions represent a key quantity for the modeling of material
properties and the analysis of related elastic ﬁelds in inclusion
and dislocation problems of anisotropic materials. It is well known
that Green’s functions can be obtained explicitly only for isotropic
and transversely isotropic materials. The three-dimensional
Green’s function for an anisotropic material is much more compli-
cated to obtain than the isotropic one; moreover, the half-space
Green’s functions impose further difﬁculties on fulﬁlling the condi-
tions of free surface. Much effort has been devoted to deriving ex-
plicit expressions, approximate forms, or numerical evaluations of
Green’s functions and their derivatives.
For the half space Green’s functions, the analyses are usually
based on either potential functions method or Fourier transform
method. By using the method of potential functions, the elastic
ﬁelds are expressed in terms of potential functions so that the
equilibrium equations are satisﬁed. The case due to a concentrated
force applied at an interior point of an isotropic half space has been
obtained by Mindlin (1936, 1953) using the Galerkin functions and
by Rongved (1955) using the Papkovich–Neuber displacements.
Pan and Chou (1979) gave explicit expressions of the half space
Green’s function for a transversely isotropic material. As in the iso-ll rights reserved.
35.tropic case, the solutions are obtained by superposing certain har-
monic and bi-harmonic functions so that all boundary condition
are satisﬁed. Lin et al. (1991) presents the response of a trans-
versely isotropic half space subjected to various distributions of
normal and tangential contact stresses on its surface also by using
the method of potential functions. The Fourier transform method
was used to solve mixed boundary value problem of Boussinesq
type for a generally anisotropic half space by Willis (1966, 1967)
and for a hexagonally aeolotropic elastic half space by Sneddon
(1992). The Green’s function of a point force applied at the surface
of a semi-inﬁnite generally anisotropic solid has been developed by
Barnett and Lothe (1975) using the Stroh formalism and Fourier
transform technique. Dealing with the half-space Green’s function
of a hexagonal continuum, Lee (1979) brought up with an idea by
decomposing it into the Green’s function in an inﬁnite body and a
supplementary form to satisfy boundary conditions on the free sur-
face. The same technique was later used by Pan (2003) to examine
the Green’s function in an anisotropic half space with various
boundary conditions.
Following the superposing method by Lee (1979), the Green’s
function due to a point force inside a generally anisotropic half
space is evaluated in this paper. Among them the explicit expres-
sions of three-dimensional Green’s functions of a point force in
an inﬁnite generally anisotropic solid have been derived by Ting
and Lee (1997). The central problem for explicitly solving the
Green’s function depends upon the roots, which is called the Stroh
eigenvalues, of a characteristic sextic algebraic equation. By using
two-dimensional Fourier transforms method and satisfying the
2408 V.-G. Lee / International Journal of Solids and Structures 50 (2013) 2407–2415boundary conditions on the free surface, the supplementary term
is obtained in the form of generalized Stroh formalism also by
making use of Green’s functions for the inﬁnite solids. Section 2
gives the concept of superposition method. The review of Green
functions for inﬁnite domain of a general anisotropic material is gi-
ven in Section 3. The generalized Stroh eigenrelation formulation
and inverse algorithm for determination of the complementary
terms are presented in Section 4. For illustration purpose, the
method was used to obtain explicit expressions for the half space
Green’s functions for transversely isotropic materials in Section 5.
A special case is included when the loading is applied on the free
surface.
2. Basic formulation
Let a semi-inﬁnite domain is deﬁned so that the half space
occupies x3P 0 and the origin of coordinates is taken at the
boundary of the half space. Consider the half space subjected to a
concentrated force in an interior point (0,0,h), the three-dimen-
sional elastic Green’s function formulation for a generally aniso-
tropic material will be discussed. The Green’s function should
satisfy the equations of equilibrium and traction free conditions
on the free surface as
CijklGks;jl þ disdðx1Þdðx2Þdðx3  hÞ ¼ 0; x3 P 0; ð2:1Þ
Ci3klGks;l ¼ 0; ði; j; k; l ¼ 1;2;3Þ x3 ¼ 0; ð2:2Þ
where Cijkl are the elastic moduli, d( ) is the Dirac delta function, dis is
the Kronecker delta, and a comma denotes differentiation. Lee
(1979) proposed that the Green’s function G for a half space can
be decomposed into two parts as
G ¼ G1 þ Gc; ð2:3Þ
where G1 is the Green’s function for the inﬁnite space with a point
load applied at (0,0,h), and the complementary part Gc should
satisfy
CijklG
c
ks;jl ¼ 0; x3 P 0; ð2:4Þ
Ci3klG
c
ks;l ¼ Ci3klG1ks;l; x3 ¼ 0; ð2:5Þ3. The solutions of G‘
We begin by introducing the three-dimensional elastic Green’s
function G1 due to a point load applied interior to a generally
anisotropic inﬁnite medium. The detail discussion of the explicit
solutions can be found in Ting and Lee (1997) and Lee (2002). Here
we give a brief review of the fundamental formulation for the
Green’s function G1. Assuming that a point load is applied at an
interior point (0,0,h) of an inﬁnite domain, the equation of equilib-
rium can be written in the absence of body force as
CijklG
1
ks;jl þ disdðx1Þdðx2Þdðx3  hÞ ¼ 0; x3 P 0: ð3:1Þ
The Fourier transformations of G1 with respect to x1, x2 and x3 are
deﬁned by
eG1ðyÞ ¼ 1
ð2pÞ3=2
Z 1
1
Z 1
1
Z 1
1
G1ðxÞeiyxdx1 dx2 dx3; ð3:2Þ
where x = (x1,x2,x3) is the position vector, and y = (y1,y2,y3) is the
transformed parameters. On taking Fourier transforms on (3.1),
we have
LikeG1ksðy1; y2; y3Þ ¼ ð2pÞ3=2diseiy3h; ð3:3Þ
with the component Lik = Cijklyjyl. In spherical coordinate system, we
may choosex1 ¼ r sin/ cos h; x2 ¼ r sin/ sin h; x3  h ¼ r cos/; ð3:4Þ
where the vector r = (x1,x2,x3  h) and r = jrj. In this notation, the h
is measured on the plane x3 = h and / = 0 is directing to the positive
x3 direction. Let n⁄ andm⁄ be any twomutually orthogonal unit vec-
tors on the oblique plane whose normal is the vector r, and we
choose n⁄ and m⁄ as
n ¼ ðcos/cosh;cos/sinh;sin/Þ; m ¼ ðsinh;cosh;0Þ: ð3:5Þ
The vectors [n⁄,m⁄,r] form a right-handed triad. Then, the applica-
tion of inverse transforms on (3.3) leads to (Synge, 1957; Barnett,
1972; Ting and Lee, 1997)
G1ðxÞ ¼ 1
4p2r
Z 1
1
C1ðpÞdp ¼ 1
4p2r
Z 1
1
C^ðpÞ
jCðpÞj dp; ð3:6Þ
where
CðpÞ ¼ Q  þ pðR þ RTÞ þ p2T; ð3:7Þ
Q ik ¼ Cijklnj nl ; Rik ¼ Cijklnj ml ; Tik ¼ Cijklmj ml ð3:8Þ
and C^ represents the adjoint matrix of C (p). The determinant of
C(p) can be written explicitly as jC(p)j = jT⁄jf(p) and the vanishing
of the determinant jC(p)j = 0 leads to a sextic equation in p, which
has six independent roots in general. With the condition of positive
deﬁnite 12Cijkleijekl > 0, it can be shown that the roots are complex
and are three pairs of complex conjugates as
f ðpÞ ¼ ðp p1Þðp p2Þðp p3Þðp p1Þðp p2Þðp p3Þ: ð3:9Þ
Therefore, Eq. (3.9) can be decomposed in terms of the six roots as
with pv = av + ibv (v = 1,2,3) denotes the complex roots with a posi-
tive imaginary part, and the overbar is its complex conjugate. For a
general anisotropic material the Stroh eigenvalues pv of the sextic
Eq. (3.9) depends on the material constants and position vector
parameters. Ting and Lee (1997) examined the integral formula in
(3.6) and presented the explicit expressions of the Green’s function
for a general anisotropic material. The analytical solution of (3.6)
depends on the roots of the sextic algebraic equation. With Cauchy’s
theory of residues, the Green’s function can be expressed as
G1ij ¼
i
2prjTj
X3
m¼1
C^ijðpmÞ
f 0ðpmÞ
; ð3:10Þ
where f 0ðpvÞ ¼ fdf ðpÞ=dpgp¼pv . The adjoint matrix C^ðpÞ is a polyno-
mial in p of degree four. Let
C^ðpÞ ¼
X4
n¼0
pnC^ðnÞ; ð3:11Þ
where the real matrices C^ðnÞ are independent of p. With the expan-
sion of C^ðpÞ, the Green’s function can then be written as (Ting and
Lee, 1997)
G1ðxÞ ¼ 1
4prjTj
X4
n¼0
qnC^
ðnÞ ¼ 1
4pr
H½h;/; ð3:12Þ
where qn is shown in Appendix A. This is the explicit Green’s func-
tion expression in terms of the Stroh eigenvalues for any given
anisotropic material. Here we can see that the key step for solving
the three-dimensional elastic Green’s function of an anisotropic
material depends upon the roots pv (v = 1,2,3) of a sextic equation
in (3.9). For generalized anisotropic materials, a sextic equation
cannot be solved analytically and only numerical solutions are pos-
sible. However, in materials with higher symmetry or with special
relations existing among material constants, the difﬁculty is re-
duced and analytical solution become possible. The most valuable
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degenerate cases p1 = p2 or p1 = p2 = p3.
4. The complementary solution Gc
In order to ﬁnd the complementary term Gc, we apply two-
dimensional Fourier transforms to (2.4) with x1 and x2 only and
the result is
CiakbyaybeGcks þ iðCiak3 þ Ci3kaÞyaeGcks;3  Ci3k3eGcks;33 ¼ 0; ða; b ¼ 1;2Þ:
ð4:1Þ
If we choose (Ting, 1995)
y ¼ gn; n ¼ ½n1;n2;0; m ¼ ½0;0;1; ð4:2Þ
where g ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y21 þ y22
q
, then the general solution of (4.1) can be shown
as
eGcksðy1; y2; x3Þ ¼ Aksei sgx3 ; ð4:3Þ
in which Aks and s satisfy the relation
fQ þ sðRþ RTÞ þ s2TgA ¼ 0; ð4:4Þ
and the Q, R, and T are 3  3 matrices with components
Qik ¼ Cijksnjns; Rik ¼ Cijksnjms; Tik ¼ Cijksmjms: ð4:5Þ
Eq. (4.4) is the Stroh eigenrelation for the oblique plane spanned by
n and m deﬁned in (4.2). The Stroh eigenvalue s is solved from the
determinant of Eq. (4.4). To satisfy the condition that G = 0 as
x3?1, we take the eigenvalue s with negative imaginary part as
s1; s2, and s3, and the associated eigenvectors is denoted as A.
Therefore, the general solution obtained by superposing three solu-
tions associated with s1; s2, and s3 can be written aseGcðy1; y2; x3Þ ¼ ig1Ahei sgx3 iq; ð4:6Þ
where
hei sgx3 i ¼ diag½ei s1gx3 ; ei s2gx3 ; ei s3gx3 : ð4:7Þ
The term q in (4.6), which is a 3  3 complex vector, can be
determined via the condition (2.5) on x3 = 0. By taking Fourier
transforms on (2.5) with respect to x1 and x2 only, we have
fRTAþ TAhsigq ¼ i4p2 fgR
TE þ T Fg; or Xq ¼ i
4p2
Z; ð4:8Þ
where
Eðy1; y2Þ ¼
Z 1
1
L^ðy1; y2; y3Þ
jLj e
iy3hdy3; ð4:9Þ
Fðy1; y2Þ ¼
Z 1
1
L^ðy1; y2; y3Þ
jLj y3e
iy3hdy3; ð4:10Þ
with Lik = Cijklyjyl (i, j,k, l = 1,2,3) and hsi ¼ diag½s1; s2; s3. The matrix
X is independent of the position of loading h. Using the Cauchy’s
theorem, we can evaluate the inverse transforms E and F in contour
integrals by choosing roots of y3 on the upper half of the complex y3
plane. Therefore, the q can be derived as
q ¼ i
4p2
X1Z: ð4:11Þ
The Fourier inverse transform can be carried out using (4.6) to re-
cover the complementary term as
Gcðx1;x2;x3Þ¼ 12p
Z 1
1
Z 1
1
eGcðy1;y2;x3Þeiðy1x1þy2x2Þdy1dy2: ð4:12Þ5. Solution for orthotropic materials
We shall now apply the result obtained in Section 4 to orthotro-
pic materials. With the use of contracted notation, the nonzero
nine elastic constants are C11, C22, C33, C12, C13, C23, C44, C55, and
C66. The R and T matrices has forms as
R ¼
0 0 C13n1
0 0 C23n2
C55n1 C44n2 0
264
375; T ¼ C55 0 00 C44 0
0 0 C33
264
375: ð5:1Þ
The matrix obtained from (4.4) yields
X½  ¼ ½Q þ sðRþ RTÞ þ s2T ¼
c11 þ C55s2 c12 c13s
c12 c22 þ C44s2 c23s
c13s c23s c33 þ C33s2
264
375;
ð5:2Þ
where
c11 ¼ C11n21 þ C66n22; c12 ¼ ðC12 þ C66Þn1n2; c13 ¼ ðC13 þ C55Þn1;
c22 ¼ C66n21 þ C22n22; c23 ¼ ðC23 þ C44Þn2; c33 ¼ C55n21 þ C44n22:
ð5:3Þ
It is readily shown that the determinant (5.2) leads to a cubic equa-
tion in s2
C33C44C55s6 þ ðC44C55c33 þ C33C44c11 þ C33C55c22  C55c223
 C44c213Þs4 þ ðC44c11c33 þ C55c22c33 þ C33c11c22
þ 2c12c13c23 C33c212  c22c213  c11c223Þs2 þ ðc11c22  c212Þc33 ¼ 0
ð5:4Þ
and the adjoint matrix X^ðsÞ is a polynomial in s up to degree four as
X^11 ¼ c22c33 þ ðC33c22 þ C44c33  c223Þs2 þ C33C44s4;
X^12 ¼ c12c33 þ ðc13c23  C33c12Þs2;
X^13 ¼ ðc12c23  c13c22Þs C44c13s3;
X^22 ¼ c11c33 þ ðC33c11 þ C55c33  c213Þs2 þ C33C55s4;
X^23 ¼ ðc12c13  c11c23Þs C55c23s3;
X^33 ¼ ðc11c22  c212Þ þ ðC44c11 þ C55c22Þs2 þ C44C55s4:
ð5:5Þ
The associate eigenvectors can be obtained from Eq. (5.4). When
(5.4) is a cubic equation in s2 one of the roots of s2 must be real
and negative. The other two roots for s2 can be either real and neg-
ative, or a pair of complex conjugates in terms of n1 and n2. On the
Eq. (4.8), the forms of E and F for orthotropic materials are derived
from L with components
L11 ¼ l11 þþC55y23; L12 ¼ l12; L13 ¼ l13y3;
L22 ¼ l22 þ C44y23; L23 ¼ l23y3; L33 ¼ l33 þ C33y23;
ð5:6Þ
where
l11 ¼ C11y21 þ C66y22; l12 ¼ ðC12 þ C66Þy1y2; l13 ¼ ðC13 þ C55Þy1;
l22 ¼ C66y21 þ C22y22; l23 ¼ ðC23 þ C44Þy2; l33 ¼ C55y21 þ C44y22:
ð5:7Þ
The determinant of L(y1,y2,y3) leads to a cubic equation in y23
C33C44C55y63þ C44C55l33þC33C44l11þC33C55l22C55l223C44l213
 
y43
þ C33l11l22þC44l11l33þC55l22l33þ2l12l13l23C33l212 l22l213 l11l223
 
y23
þ l11l22 l212
 
l33¼0 ð5:8Þ
Fig. 1. Variation of half space Green’s functions (h = 0 and r = 0.5).
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as
L^11 ¼ C33C44y43 þ ðC33l22 þ C44l33  l223Þy23 þ l22l33;
L^12 ¼ ðl13l23  C33l12Þy23  l12l33;
L^13 ¼ C44l13y33 þ ðl12l23  l13l22Þy3;
L^22 ¼ C33C55y43 þ C33l11 þ C55l33  l213
 
y23 þ l11l33;
L^23 ¼ C55l23y33 þ ðl12l13  l11l23Þy3;
L^33 ¼ C44C55y43 þ ðC44l11 þ C55l22Þy23 þ l11l22  l212
 
:
ð5:9Þ
Although the forms look lengthy, the roots of Eq. (5.8) can be shown
explicitly in terms of y1 and y2, and they are three pairs of complex
conjugates. The improper integrals (4.9) and (4.10) can be evaluated
by using three roots with positive imaginary parts y13; y
2
3, and y
3
3,
hence the E and F can be shown as
Eijðy1; y2Þ ¼ 2pi
X3
n¼1
Res
y3¼yn3
L^ij
jLj e
iy3h
( )
;
Fijðy1; y2Þ ¼ 2pi
X3
n¼1
Res
y3¼yn3
L^ij
jLj y3e
iy3h
( )
:
ð5:10Þ
The formulations shown above are ready for use. Next, let y1 = g n1
and y2 = gn2. The components Eij(y1,y2) and Fij(y1,y2) become Eij(-
g,n1,n2) and Fij(g,n1,n2) respectively. Once all the components are
determined, they can be substituted into (4.8) to solve q and subse-
quently eGcðy1; y2; x3Þ from (4.6). The inverse transforms in Eq. (4.12)
can be evaluated byZ 1
1
Z 1
1
dy1dy2 !
Z 2p
0
Z 1
0
gdgdh; ð5:11Þ
where n1 and n2 are set as cosh and sinh respectively. To display the
present solutions, the following material properties are used for the
calculation. The material properties are (Couteau et al., 1998)
E1 ¼ 11:6; E2 ¼ 12:2; E3 ¼ 19:9; G12 ¼ 4:0; G13 ¼ 5:0;
G23 ¼ 5:4; m12 ¼ 0:42; m23 ¼ m13 ¼ 0:23;
ð5:12Þ
in unit of GPa. The relation of the stiffness forms of the constitutive
equations explicitly in terms of engineering constants was obtained
from the book of Herakovich (1998). Let h = 1 and evaluate the var-
iation of Green’s function. The effects of inﬁnite terms GIij
 
and
complementary terms GCij
 
on the Green’s functions of half space
GHij
 
are presented in Fig. 1 for h = 0 with the change of /.
6. Solution for transversely isotropic materials
Here we will examine the Green’s function due to a unit con-
centrated loading applied in the interior of a transversely isotropic
half space. Let x3 is the axis of symmetry, any plane that contains
the x3-axis is a plane of symmetry. With the use of contracted nota-
tion Cab (a,b = 1,2, . . . ,6) for the elastic stiffness Cijkl, the non-zero
elastic stiffnesses are
C11 ¼ C22; C12; C33; C13 ¼ C23; C44 ¼ C55 ð6:1Þ
and C66 = (C11  C12)/2.
6.1. The solutions of G1
Following the method derived in Section 3, we ﬁrst obtain the
matrix L for transversely isotropic materials asL11 ¼ C11y21 þ C66y22 þ C44y23; L12 ¼ ðC11  C66Þy1y2;
L13 ¼ ðC13 þ C44Þy1y3; L22 ¼ C66y21 þ C11y22 þ C44y23;
L23 ¼ ðC13 þ C44Þy2y3; L33 ¼ C44ðy21 þ y22Þ þ C33y23:
ð6:2Þ
The determinant of L(y1,y2,y3) and the components of adjoint ma-
trix are listed in Appendix B. The forms of adjoint matrix
L^ðy1; y2; y3Þ and the determinant of L(y1,y2,y3) are also needed for
solving the complementary solutions in next section. With the def-
inition of (3.4) and (3.5), the explicit expressions of Green’s func-
tions for point load applied in (0,0,h) of an inﬁnite body is (Ting
and Lee, 1997)
G1ðxÞ ¼ 1
4prH½h;/; ð6:3Þ
where the tensors H[h,/] for transversely isotropic materials can be
found as (Lee, 2009)
H11 ¼ 1
C11C44KEG sin
2 /
½ðcos2 / cos2 hþ E sin2 hÞn1 þ cos2 hn2;
H12 ¼ 1
C11C44KEG sin
2 /
½ðcos2 / EÞn1 þ n2 sin h cos h;
H13 ¼ 1C11C44EG ðC13 þ C44Þ sin/ cos/ cos h;
H22 ¼ 1
C11C44KEG sin
2 /
½ðcos2 / sin2 hþ E cos2 hÞn1 þ sin2 hn2;
H23 ¼ 1C11C44EG ðC13 þ C44Þ sin/ cos/ sin h;
H33 ¼ 1C11C44EG ðC11Eþ C11 cos
2 /þ C44 sin2 /Þ;
ð6:4Þ
with
K ¼ðcos2/þC44 sin2/=C66Þ1=2;
E¼ cos4/þ C11C33C2132C13C44
 
sin2/cos2/=ðC11C44ÞþC33 sin4/=C11
n o1=2
;
G¼ 2cos2/þ C11C33C2132C13C44
 
sin2/=ðC11C44Þþ2E
n o1=2
;
n1 ¼KðC11 cos2/þC44 sin2/þC11EÞC11Gcos2/;
n2 ¼C11Gcos4/þC11K2EGC11KG2 cos2/:
ð6:5Þ
In the limiting case when / = 0, the ﬁeld point locates on the x3 axis
(with x1 = x2 = 0). The nonzero Green’s functions are
G111 ¼ G122 ¼
ðC11 þ C66Þ
8prC11C66
; G133 ¼
1
4prC44
: ð6:6Þ
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At ﬁrst, the Stroh eigenvalue s is obtained from the determinant
of (4.4). Let s1 be the root with a negative imaginary part of the
quadratic equation
C66 þ C44s2 ¼ 0 ð6:7Þ
and the roots s2 and s3 with negative imaginary parts satisfy the
quartic equation
C33C44s4 þ C11C33  C213  2C13C44
 
s2 þ C11C44 ¼ 0: ð6:8Þ
The roots obtained in this case are related only to elastic constants
of the material. The nonzero components for the matrix R are
R13 ¼ C13n1; R23 ¼ C13n2; R31 ¼ C44n1; R32 ¼ C44n2 ð6:9Þ
and the matrix T are
T11 ¼ C44; T22 ¼ C44; T33 ¼ C33: ð6:10Þ
Moreover, the associated eigenvectors can be derived as
A ¼
n2 n1 C44 þ s22C33
 
s3ðC13 þ C44Þn1
n1 n2 C44 þ s22C33
 
s3ðC13 þ C44Þn2
0 s2ðC13 þ C44Þ  C11 þ s23C44
 
8><>:
9>=>;: ð6:11Þ
Using the deﬁnition of (4.5) and (4.8), the determinant of X can be
obtained as
det½X ¼ C344
s1
s3
ðs2  s3Þ C33s22  C13
 
C11  C13s23
 
: ð6:12Þ
The adjoint matrix of X is
X^11 ¼ C244n2
ðs2  s3Þ
s3
C11  C13s23
 
C33s22  C13
 
;
X^12 ¼ C244n1
ðs2  s3Þ
s3
C11  C13s23
 
C33s22  C13
 
; X^13 ¼ 0;
X^21 ¼ C244n1
s1
s3
C11  C13s23
 
; X^22 ¼ C244n2
s1
s3
C11  C13s23
 
;
X^23 ¼ C244s1 C11  C13s23
 
; X^31 ¼ C244n1s1 C13  C33s22
 
;
X^32 ¼ C244n2s1 C13  C33s22
 
; X^33 ¼ C244s1s2 C13  C33s22
 
:
ð6:13Þ
Evaluating the E and F according to (4.9) and (4.10) and Appendix B,
we can obtain the components of Z in (4.8). Consequently, the re-
sults for q are derived as
q11 ¼  n2e
is1gh
4pC44s1
; q12 ¼ n1e
is1gh
4pC44s1
; q13 ¼ 0;
q21 ¼ n1C33s22  C13
 
D
X3
k¼2
ð1Þkþ1 C33s
2
k  C13
 
eiskgh
ðsk  s2Þ ;
q22 ¼ n2C33s22  C13
 
D
X3
k¼2
ð1Þkþ1 C33s
2
k  C13
 
eiskgh
ðsk  s2Þ ;
q23 ¼ 1C33s22  C13
 
D
X3
k¼2
ð1Þkþ1 C11  C13s
2
k
 
eiskgh
skðsk  s2Þ ;
q31 ¼ n1s3C11  C13s23
 
D
X3
k¼2
ð1Þkþ1 C33s
2
k  C13
 
eiskgh
ðsk  s3Þ ;
q32 ¼ n2s3C11  C13s23
 
D
X3
k¼2
ð1Þkþ1 C33s
2
k  C13
 
eiskgh
ðsk  s3Þ ;
q33 ¼ s3C11  C13s23
 
D
X3
k¼2
ð1Þkþ1 C11  C13s
2
k
 
eiskgh
skðsk  s3Þ ;
ð6:14Þ
with
D ¼ 2pC33C44ðs2  s3Þðs2  s3Þ: ð6:15ÞSubstituting the result of q into (4.6), the method of residues is used
here to evaluate the inverse transformations (4.12), which trans-
forms inverse integral into the contour integral around a unit circle.
We can calculate that integral by means of Cauchy’s residue theo-
rem once the zeros in the denominator have been located. The com-
plex zeros needed for solving contour integrals are obtained from
various equations listed as follows,
k1;k2 ! ðix1þx2Þk2þ2iðs2x3 s2hÞkþðix1x2Þ¼0; with jk1j<1;
k3;k4 ! ðix1þx2Þk2þ2iðs2x3 s3hÞkþðix1x2Þ¼0; with jk3j<1;
k5;k6 ! ðix1þx2Þk2þ2iðs3x3 s2hÞkþðix1x2Þ¼0; with jk5j<1;
k7;k8 ! ðix1þx2Þk2þ2iðs3x3 s3hÞkþðix1x2Þ¼0; with jk7j<1;
k9;k10 ! ðix1þx2Þk2þ2iðs1x3 s1hÞkþðix1x2Þ¼0:with jk9j<1:
ð6:16Þ
The complementary terms for half space Green’s functions are
shown explicitly as follows,
(a) Due to a point force in the x1 directionGc11 ¼
1
2ðx1 ix2Þ
1þk29k2102k210
4pC44s1k210ðk9k10Þ
þ 1
D
X4
n¼1
ð1Þngncn
1þ2k22nþk22n1k22n
k22nðk2n1k2nÞ
" #( )
;
Gc21 ¼
1
2ðix1þx2Þ
k29k
2
101
4pC44s1k210ðk9k10Þ
þ 1
D
X4
n¼1
ð1Þngncn
k22n1k
2
2n1
k22nðk2n1k2nÞ
" #( )
;
Gc31 ¼
1
ðx1 ix2ÞD
X4
n¼1
ð1Þnþ1fncn
1þk2n1k2n
k2nðk2n1k2nÞ
 
:
ð6:17Þ(b) Due to a point force in the x2 directionGc12 ¼
1
2ðix1þx2Þ
k29k
2
101
4pC44s1k210ðk9k10Þ
þ 1
D
X4
n¼1
ð1Þngncn
k22n1k
2
2n1
k22nðk2n1k2nÞ
" #( )
¼Gc21;
Gc22 ¼
1
2ðx1 ix2Þ 
1þk29k210þ2k210
4pC44s1k210ðk9k10Þ
þ 1
D
X4
n¼1
ð1Þnþ1gncn
12k22nþk22n1k22n
k22nðk2n1k2nÞ
" #( )
Gc32 ¼
1
ðix1þx2ÞD
X4
n¼1
ð1Þnfncn
1k2n1k2n
k2nðk2n1k2nÞ
 
:
ð6:18Þ(c) Due to a point force in the x3 directionGc13 ¼
1
ðx1  ix2ÞD
X4
n¼1
ð1Þngncnþ4
1þ k2n1k2n
k2nðk2n1  k2nÞ
 
;
Gc23 ¼
1
ðix1 þ x2ÞD
X4
n¼1
ð1Þnþ1gncnþ4
1 k2n1k2n
k2nðk2n1  k2nÞ
 
;
Gc33 ¼
2
ðx1  ix2ÞD
X4
n¼1
ð1Þnþ1fncnþ4
1
ðk2n1  k2nÞ
 
;
ð6:19Þ
wheref1 ¼ f2 ¼ ðC13 þ C44Þs2C33s22  C13
; f 3 ¼ f4 ¼
C11 þ C44s23
 
s3
C11  C13s23
;
g1 ¼ g2 ¼
C44 þ C33s22
C33s22  C13
; g3 ¼ g4 ¼
ðC13 þ C44Þs23
C11  C13s23
ð6:20Þandc1 ¼
C33s22C13
s2 s2 ; c2 ¼
C33s23C13
s3 s2 ; c3 ¼
C33s22C13
s2 s3 ; c4 ¼
C33s23C13
s3 s3 ;
c5 ¼
C11C13s22
s2ðs2 s2Þ ; c6 ¼
C11C13s23
s3ðs3 s2Þ ; c7 ¼
C11C13s22
s2ðs2 s3Þ ; c8 ¼
C11C13s23
s3ðs3 s3Þ :
ð6:21ÞFor a point force applied in the interior of the transversely isotropic
half-space, the results were given in the earlier work by Pan and
Chou (1979). However, there are a number of misprints and unde-
ﬁned symbols in their results. The correct solutions were obtained
in a private communication with Kuo (1991), who also gave analysis
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tions of contact stresses (Lin et al., 1991). To display the present solu-
tions, the following material properties are used for the calculation.
The material properties are (Tonon et al., 2001)C11 ¼ 88; C12 ¼ 72; C13 ¼ 40; ; C33 ¼ 24 C44 ¼ 16;
ð6:22Þ
in unit of 107 N/m2. Let h = 1 and evaluate the variation of Green’s
function due to a point load with the change of h or /. The variation
of Green functions are shown in Fig. 2 for / ¼ p4 with the change of h
and Fig. 5 for h ¼ p4 with the change of /. The effects of inﬁnite terms
GIij
 
and complementary terms GCij
 
on the Green’s functions of
half space are presented on Figs. 3 and 4 for / ¼ p4 with varying h
and Fig. 7 for h = 0 with varying /. The comparison of the distance
of ﬁeld points to the source point is demonstrated in Fig. 6 using
G33 as example.Fig. 3. Variation of inﬁnite and complementary terms due to loading in x1 direction
(/ ¼ p4 and r = 0.5).
Fig. 4. Variation of inﬁnite and complementary terms due to loading in x3 direction
(/ ¼ p4 and r = 0.5).6.3. The case of / = 0 or p
In the case when / = 0 or p, the ﬁeld point locates on the x3 axis
(with x1 = x2 = 0). The complementary solutions can be simpliﬁed
and the nonzero terms remain as
Gc11¼Gc22
¼ 1
8pC44p1ðp1x3p1hÞ
 1
2D
g1
c1
p2x3p2h
 c2
p2x3p3h
	 

þg3
c3
p3x3p2h
 c4
p3x3p3h
	 
 
;
Gc33¼
1
D
f1
c5
p2x3p2h
 c6
p2x3p3h
	 

þ f3 c7p3x3p2h
 c8
p3x3p3h
	 
 
:
ð6:23Þ
All others terms are zero.
6.4. The solutions of Gc for h = 0
A special case is given when the loading is applied on the free
surface. In this limiting case h = 0, some of the equations for
obtaining the complex zeros become identical. Therefore, the three
remaining equations and their roots are
l1; l2 ! ðix1 þ x2Þl2 þ 2i s1x3lþ ðix1  x2Þ ¼ 0; with jl1j < 1;
l3; l4 ! ðix1 þ x2Þl2 þ 2i s2x3lþ ðix1  x2Þ ¼ 0; with jl3j < 1;
l5; l6 ! ðix1 þ x2Þl2 þ 2i s3x3lþ ðix1  x2Þ ¼ 0: with jl5j < 1:
ð6:24ÞFig. 2. Variation of half space Green’s functions (/ ¼ p4 and r = 0.5).
Fig. 5. Variation of half space Green’s functions (h ¼ p4 and r = 0.5).Then, the complementary terms for this case can be derived as
(a) Due to a point force in the x1 direction
Fig. 6. Variation of Green’s function G33 with different r (h = 0).
Fig. 7. Variation of inﬁnite and complementary terms due to loading in x1 and x3
direction (h = 0 and r = 1).
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1
2ðx1 ix2Þ
1þ l21 l222l22
4pC44s1ðl1 l2Þl22

X3
n¼2
kn1dn1 1þ2l22nþ l22n1l22n
 
Dn1ðl2n1 l2nÞl22n
24 358<:
9=;;
Gc21 ¼
1
2ðix1þx2Þ
l21 l
2
21
4pC44s1ðl1 l2Þl22

X3
n¼2
kn1dn1 l
2
2n1 l
2
2n1
 
Dn1ðl2n1 l2nÞl22n
24 358<:
9=;;
Gc31 ¼
1
ðx1 ix2Þ
X3
n¼2
knþ1dn1ð1þ l2n1l2nÞ
Dn1ðl2n1 l2nÞl2n
	 

:
ð6:25Þ(b) Due to a point force in the x2 directionGc12 ¼
1
2ðix1þx2Þ
l21 l
2
21
4pC44s1ðl1 l2Þl22

X3
n¼2
kn1dn1 l
2
2n1 l
2
2n1
 
Dn1ðl2n1 l2nÞl22n
24 358<:
9=;¼Gc21;
Gc22 ¼
1
2ðx1 ix2Þ 
1þ l21 l22þ2l22
4pC44s1ðl1 l2Þl22
þ
X3
n¼2
kn1dn1 12l22nþ l22n1l22n
 
Dn1ðl2n1 l2nÞl22n
24 358<:
9=;;
Gc32 ¼
1
ðix1þx2Þ
X3
n¼2
knþ1dn1ð1 l2n1l2nÞ
Dn1ðl2n1 l2nÞl2n
	 

:
ð6:26Þ(c) Due to a point force in the x3 directionGc13 ¼
1
ðx1  ix2Þs2s3
X3
n¼2
kn1dnþ1ð1þ l2n1l2nÞ
Dn1ðl2n1  l2nÞl2n
	 

;
Gc23 ¼
1
ðix1 þ x2Þs2s3
X3
n¼2
kn1dnþ1ð1 l2n1l2nÞ
Dn1ðl2n1  l2nÞl2n
	 

;
Gc33 ¼
2
ðx1  ix2Þs2s3
X3
n¼2
knþ1dnþ1
Dn1ðl2n1  l2nÞ
	 

;
ð6:27Þwhered1 ¼C13þC33fs2s3 s2ðs2þ s3Þg; d2 ¼C13þC33fs2s3 s3ðs2þ s3Þg;
d3 ¼C13s2s2s3þC11ðs2 s2 s3Þ; d4 ¼C13s3s2s3þC11ðs3 s2 s3Þ
ð6:28Þandk1 ¼ C44 þ C33s22; k2 ¼ ðC13 þ C44Þs23;
k3 ¼ ðC13 þ C44Þs2; k4 ¼ C11 þ C44s23
 
s3;
ð6:29ÞwithD1 ¼ 2pC33C44 C33s22  C13
 ðs2  s3Þðs2  s2Þðs3  s2Þ;
D2 ¼ 2pC33C44 C11  C13s23
 ðs2  s3Þðs2  s3Þðs3  s3Þ:
ð6:30Þ6.5. The solutions of Gc for isotropic materials
In the degenerate case
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C11C33
p  C13  2C44 ¼ 0, the quartic Eq.
(6.8) leads to
C33s4 þ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C11C33
p
s2 þ C11 ¼ 0; ð6:31Þ
which yields repeated roots. The complementary terms for this case
can be derived directly by using the expressions for transversely
isotropic material. In particular for the case of isotropy, the two
roots s2 and s3 can be displayed using an inﬁnitesimal term e as
s2 = (1 + e)i and s3 = (1  e)i respectively. These constants in (6.20)
and (6.21) become
f1 ¼ ðC13þC44Þð1þeÞiðC11þC13Þþ2C11eþC11e2 ; f 3 ¼
½ðC13þC44ÞþðC113C44Þeþ3C44e2i
ðC11þC13Þ2C13eþC13e2 ;
g1 ¼
ðC13þC44Þþ2C11eþC11e2
ðC11þC13Þþ2C11eþC11e2 ; g3 ¼
ðC13þC44Þð12eþe2Þ
ðC11þC13Þ2C13eþC13e2 ;
r5 ¼ðC11þC13Þþ2C13eþC13e
2
2ð1þ2eþe2Þ ; r6 ¼
ðC11þC13Þ2C13eþC13e2
2ð1eÞ ;
r7 ¼ðC11þC13Þþ2C13eþC13e
2
2ð1þeÞ ; r8 ¼
ðC11þC13Þ2C13eþC13e2
2ð12eþe2Þ :
ð6:32Þ
Substituting Eq. (6.32) into (6.27) and then taking e? 0, the results
due to a point force in the x3 direction yield
Gc13 ¼
ix1
4pC11C44ðC11 þ C13Þj31ðx1  ix2Þ
 j1j2ðC11 þ C44ÞðC11 þ C13Þ x23  h2
 n
þ 4ðC11  C44ÞðC11 þ C13Þ j1j3 þj22ðx3 þ hÞ2
h i
x3h 4j21C11C44
Gc23 ¼ x2Gc13
 
=x1;
Gc33 ¼
1
8pC11C44ðC11þC13Þkðx3þhÞ
 ðC11þC44ÞðC11þC13Þ=k2þ2 C211þC244
 n
2x3hðC11C44ÞðC11þC13Þðk23Þ=½k4ðx3þhÞ2
o
; ð6:33Þ
where
j1 ¼ ix1  x2  ðx3 þ hÞ2ð1þ kÞ2=ðix1 þ x2Þ;
j2 ¼ 2ð2þ kþ 1=kÞ=ðix1 þ x2Þ; j3 ¼ ð2þ 3=k 1=k3Þ=ðix1 þ x2Þ;
ð6:34Þ
with k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx3 þ hÞ2 þ x21 þ x22
q
=ðx3 þ hÞ. The superposition of the
solutions in Eq. (6.33) with Kelvin’s solutions for inﬁnite isotropic
materials yields the Mindlin results for the semi-ﬁnite isotropic
medium.
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With the superposition method, the half space Green’s function
is composed of the Green’s function of an inﬁnite medium and the
complementary term. Similarly, derivatives of the half space
Green’s function can also be expressed as derivatives of the inﬁnite
term and the complementary term as
Gij;k ¼ G1ij;k þ Gcij;k: ð7:1Þ
With the loading in the xs (s = 1,2,3) direction, the stresses are
shown with the derivatives of the Green’s functions as
rij ¼ r1ij þ rcij ¼ CijklG1ks;l þ CijklGcks;l: ð7:2Þ
The derivatives of Green’s functions and the stress components for a
general anisotropic inﬁnite elastic medium were given by Pan and
Chou (1976) and Lee (2009). For the complementary term, take
the stress component rc33 for example. Due to the loading in the
x3 direction, the stress rc33 is given as
rc33 ¼ C13 Gc13;1 þ Gc23;2
 
þ C33Gc33;3; ð7:3Þ
with
Gc13;1 ¼
1
xD
X4
n¼1
ð1Þnþ1gncnþ4
ðk2n13k2nÞ 1þk22n1k22n
 2k22nðk2n1þk2nÞ
k22nðk2n1k2nÞ3
( )
;
Gc23;2 ¼
1
xD
X4
n¼1
ð1Þngncnþ4
ðk2n13k2nÞ 1þk22n1k22n
 þ2k22nðk2n1þk2nÞ
k22nðk2n1k2nÞ3
( )
;
Gc33;3 ¼
4
xD
X4
n¼1
ð1Þnfncnþ4pa
ðk2n1þk2nÞ
ðk2n1k2nÞ3
( )
;
ð7:4Þ
where x ¼ x21  x22  2ix1x2; a = 2, for n = 1 or 2 and a = 3, for n = 3
or 4.
8. Conclusions
Based on the Green’s function for inﬁnite domain, the three-
dimensional Green’s functions of a generally anisotropic half space
subjected to an interior point loading were derived in this paper.
The method of derivation is based on the superposition of a com-
plementary term to the Green’s function for an anisotropic inﬁnite
space, and the boundary conditions on the free surface are satisﬁed
also by using the Green’s functions for inﬁnite case. The method
presented here gives an extension from Green’s function of inﬁnite
domain to half space case and it is easy to use for further applica-
tion. This paper presents the analytic expression for the orthotro-
pic Green’s functions. The explicit closed-form solutions are also
obtained for the transversely isotropic materials and for the limit-
ing case when the loading is applied on the free surface.
Appendix A
The result of qn is shown as qn ¼  12b1b2b3 qn (Ting and Lee, 1997)
with
q0 ¼ Re
1
ðp1  p2Þðp1  p3Þ
þ 1ðp2  p1Þðp2  p3Þ
þ 1ðp3  p1Þðp3  p2Þ
 
:
ðA:1Þ
q1 ¼ Re
p1
ðp1  p2Þðp1  p3Þ
þ p2ðp2  p1Þðp2  p3Þ
þ p3ðp3  p1Þðp3  p2Þ
 
:
ðA:2Þ
q2 ¼ Re
p21
ðp1  p2Þðp1  p3Þ
þ p
2
2
ðp2  p1Þðp2  p3Þ
þ p
2
3
ðp3  p1Þðp3  p2Þ
 1
 
:
ðA:3Þq3 ¼ Re
p1p2p3
ðp1  p2Þðp1  p3Þ
þ p2p1p3ðp2  p1Þðp2  p3Þ
þ p3p1p2ðp3  p1Þðp3  p2Þ
 
:
ðA:4Þ
q4 ¼ Re
p21p2p3
ðp1  p2Þðp1  p3Þ
þ p
2
2p1p3
ðp2  p1Þðp2  p3Þ
þ p
2
3p1p2
ðp3  p1Þðp3  p2Þ
 
:
ðA:5ÞAppendix B
For a transversely isotropic material, the determinant of
L(y1,y2,y3) leads to
det½Lðy1;y2;y3Þ ¼ C66 y21þy22
 þC44y23 
 C11C44 y21þy22
 2þ C11C33C2132C13C44  y21þy22 y23þC33C44y43n o:
ðB:1Þ
The components of adjoint matrix are
L^11 ¼ C44C66y41 þ C11C44y42 þ C44ðC11 þ C66Þy21y22
þ C33C66 þ C244
 
y21y
2
3 þ C11C33  C213  2C13C44
 
y22y
2
3
þ C33C44y43: ðB:2Þ
L^12 ¼ C44ðC11C66Þ y21þy22
 þ½ðC13þC44Þ2C33ðC11C66Þy23n oy1y2:
ðB:3Þ
L^13 ¼ ðC13 þ C44Þ C66 y21 þ y22
 þ C44y23 y1y3: ðB:4Þ
L^22 ¼ C11C44y41 þ C44C66y42 þ C44ðC11 þ C66Þy21y22
þ C33C66 þ C244
 
y22y
2
3 þ ðC11C33  C213  2C13C44Þy21y23
þ C33C44y43: ðB:5Þ
L^23 ¼ ðC13 þ C44Þ C66 y21 þ y22
 þ C44y23 y2y3: ðB:6Þ
L^33 ¼ C11C66 y21 þ y22
 2 þ C44ðC11 þ C66Þ y21 þ y22 y23 þ C244y43: ðB:7ÞReferences
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